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The aim of this study is to calculate the membrane elastic energy for the different shapes observed in the
discocyte–stomatocyte sequence. This analysis can provide a better quantitative understanding of the hypothesis
put forward over the last decades to explain how red blood cells produce and maintain their typical shape.
For this purpose, we use geometrical models based on parametric equations. The energy model considered for
the elastic properties of RBCmembrane includes the local and nonlocal resistance effects of the bilayer to bending.
In particular, the results confirm the discocyte as the lowest energy value configuration among the sets of different
red blood cell deformations considered in the sequence.

© 2013 Elsevier B.V. All rights reserved.
1. Introduction

Over the last decades many studies have focused on the mechanical
and rheological properties that determine the biological function of the
red blood cells (RBCs) [1 and therein]. These properties seem to be
closely related to the normal RBC biconcave disc shape (often referred
to as discocyte or erythrocyte), with its relatively high surface-to-
volume ratio, and ultimately to the RBC flexible membrane. The com-
bined effects of the phospholipid bilayer and of the underlying mem-
brane skeleton determine the elastic and biorheological properties
that allow RBCs to pass through small capillaries during microcircula-
tion. Several hypotheses have been put forward to explain how the
cell produces and maintains its resting biconcave shape. These hypo-
theses include elastic forces within the membrane, surface tension,
electrical forces on the membrane surface and osmotic or hydrostatic
pressures [2]. It is alsowell known that pathological conditions or treat-
ment in vitrowith a variety of amphipathic agents transforms systemat-
ically and reversibly the normal biconcave shape into less symmetric
shapes such as the stomatocytes [3] or even into non-axisymmetric bi-
concave shapes [4], and several theoretical and experimental studies
[5–10] suggest that among the variety of effects previously mentioned,
the elastic bending energy is the dominant factor that determines
the equilibrium shape of the membrane (i.e., its energetically more
favorable configuration). Since the original works of Canham [11] and
Lew [12], energy models that included spontaneous curvature and the
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contribution of bilayer couple (as well as more geometrically accurate
cell descriptions) have been developed to study the different cell shapes
observed inmany experiments [13–16]. These previous studies showed
comparisons of elastic energy between some observed and proposed
cell shapes. However, we are not aware of any quantitative study of
the elastic energy stored on the membrane for the great variety of ob-
served RBC reversible deformations. The purpose of this work is to pres-
ent such a systematic quantitative analysis of the energy associated to
the basic and altered RBC cell geometric shapes (including those with
no rotational or axial symmetry that have not been studied so far) with-
out invoking the full bioelectrochemistry of cells. This studymay be very
useful to estimate the order of magnitude of the force needed to induce
specific RBC shapes in procedures such as micropipette aspiration or
laser tweezers techniques [17].

A key issue to achieve this goal is to select a suitable compromise be-
tween accuracy of the geometrical representation of the cell shapes and
complexity of the geometrical model itself (i.e., how can be obtained
and controlled the desired deformations) and of the ensuing elastic en-
ergy calculations. Early geometrical models for the normal erythrocyte
consisted of surfaces of revolution generated by Cassini curves. The
main advantage of this representation is that Cassini curves admit pa-
rameterizations in termsof trigonometric functions; themain limitation
is that Cassini curves are determined byonly twoparameters,which can
be used to fix, say, only the length and the height of the erythrocyte. One
possibility to overcome this limitation is to expand the shape profile
into a Fourier series [18], and use asmany Fourier coefficients as needed
to reach a certain prescribed accuracy. At the other extreme, purely
numerical methods (in which the surface is discretized) and variational
algorithms can be used to calculate the optimal bending energies
and shapes [19]. These methods can achieve a very high precision
because, in effect, the discretization vertices provide a large number of
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parameters.We have opted for an intermediate possibility: we give suf-
ficiently realistic geometrical models that reproduce the morphologic
changes of RBCs well documented in the literature but that can be con-
trolledwith a small number of parameters. In spite of the interest on the
full echinocyte–discocyte–stomatocyte sequence, most studies have
calculated the elastic energy only for the left part of this sequence,
i.e., the echinocyte–discocyte subsequence. This restriction may be
due to the lack of simple parameterizations of the stomatocyte shape
thatwe present in thiswork. Although it could be argued that the spher-
ical geometry has the lowest energy [20], this spherical shape does not
feature the high surface to volume ratio required for the RBC biological
function. Nevertheless, we include in our study the sphero-stomatocyte,
a quasi-spherical form that is randomly observed in many hematologi-
cal disorders. The advantage of this approach is twofold: it provides
a sufficiently accurate and efficient description of the continuous
transformations between normal discocytes and altered shapes, and it
accommodates both axisymmetric and non-axisymmetric shapes.
Moreover, the use of parametric equationsmakes easier the calculations
of all surface integrals over the two local principal curvatures to deter-
mine themembrane elastic energy. Thus, under a geometrical constraint
of a constant cell volume (85 μm3) and assuming that the cytoplasm is
an incompressible liquid, we determine the elastic energy of different
observable RBC shapes by applying the parametric equations to the
existing energy models.

The layout of the paper is as follows. In Section 2 we first describe
the geometrical models proposed for the different deformations of
RBCs. We show how the parametric equations can be modified to
describe normal and altered RBCs shapes, in particular cells that show
different degrees of invagination (stomatocyte types) or loss of axial
symmetry and that to the best of our knowledge have not been studied
so far. We use Mathematica [21] to generate all the 2D sections and 3D
solid models as well as for the calculations of the cell energy. Then we
use our parameterizations to calculate in Section 3 the elastic energy
for the various geometries appearing in the DS sequence by using the
elastic energy model proposed by Canham [11]. Next, we take into ac-
count the asymmetry in the bilayer-couple produced by the difference
in relaxed areas between the outer and inner leaflets [7,22,23]. For
this purpose, we incorporate the spontaneous curvature and the
area-difference elasticity as new parameters into the energy analysis.
These results show that the effects of the spontaneous curvature
and the area difference elasticity are of a great importance on shapes
lacking rotational or axial symmetry. Finally, we discuss our results in
Section 4.

2. Cell geometric models

2.1. Axisymmetric discocyte model

The biconcave or discocyte shape is the usual and favored RBC shape
because its overall membrane energy is a minimum. In previous studies
[24–26]we slightly generalized the parametric representation of Kuchel
and Fackerell [27] for the normal biconcave discocyte. This parameteri-
zation can be written in terms of the Jacobi elliptic functions sn(u|m),
cn(u|m) and dn(u|m) with three free parameters:

r� u;ϕð Þ ¼ ‘

2
cn ujmð Þ cos ϕ; ‘

2
cn ujmð Þ sin ϕ;�h0 sn ujmð Þ dn ujmð Þ

dn Ujmð Þ
� �

ð1Þ

where ‘ is the diameter of the discocyte, 2h0 is the height at its
center, U = K(m) is the corresponding complete elliptic integral of the
first kind (which satisfies cn(U|m) = 0, sn(U|m) = 1 and dn Ujmð Þ ¼ffiffiffiffiffiffiffiffiffiffiffiffi
1−m

p
, although for clarity we keep the functional form of this last

expression in the parametric equations), u ∈ [0,U], ϕ ∈ [0, 2π], and
the plus and minus signs correspond to the upper and lower half of
the cell respectively. The only remaining parameter is m ∈ [0, 1),
which we use to fix 2hmax, the maximum height of the discocyte.

As we mentioned in the Introduction, many experiments have
shown that a variety of agents can modify the biconcave shape. The
basic hypothesis of the mechanical approach is that the observed RBC
shapes are subjected to appropriate constraints on volume and area
[7]. However, during the transformation, the RBC surface area decreases
more rapidly than its volume, leading to shapes with decreased de-
formability. In fact, this general idea that theRBCmembrane is easily de-
formed with relatively small changes in area is supported by numerous
observations, particularly by sieving tests [28]. The proposed model
is able to accommodate changes in the surface area at fixed volume
or vice versa. However, since most of the experiments on RBC defor-
mations have been performed keeping constant the tonicity of the
suspending medium (so that the cell volume is controlled), except for
our comparison with Canham's model [11] in Section 3.1, all the cell
models we have considered in our analysis have a fixed total volume
of 85 μm3, while their surface areas may have different values. The
choice of this volume is based on previous studies [29] that showed nor-
mal human red cells with average diameters ‘ from 7.5 to 8.3 microns
and an average volume of 83 ± 4 μm3.

2.2. Non-axisymmetric discocyte model

Scanning electron microscope images [1] have confirmed a peculiar
biconcave shape that either can exist naturally or can be artificially
induced. This altered shape, called non-axisymmetric discocyte, can be
described as a discocyte with uneven rim thickness, retaining the up-
down symmetry of the basic discocyte but having a single additional
mirror plane instead of full axial symmetry. This particular shape can
be generated by introducing into Eq. (1) two new parameters d and α,
see Fig. 1, resulting in the expression.

r� u;ϕð Þ ¼ ‘

2
cn ujmð Þ cos ϕ; ‘

2
cn ujmð Þ

�
sin ϕ;

� ‘

2
cn ujmð Þ cosϕþ d

� �
tan αð Þ h

2hmax
sn ujmð Þ dn ujmð Þ

dn Ujmð ÞÞ

ð2Þ

Note that d must be greater than ‘/2 and that to keep the volume
constant we must take d = hmax/(2 tan(α)). Fig. 1 shows 2D vertical
symmetry plane sections and 3D models for different values of α.
Table 1 shows the various geometrical parameters for axisymmetric,
DS sequence, and non-axisymmetric discocytes. Note that, despite
the constraint of constant volume, the increment of the surface area
of non-axisymmetric discocytes with increasing values of α is not
significant.

2.3. Stomatocyte model

The term stomatocyte generally refers to cup-shaped deformations
of the basic discocyte induced by some chemical agents such as low
pH, cholesterol, depletion or low salt. It has been observed experimen-
tally [1,16,30] that these transformations follow an orderly sequence
of changes of area from discocyte to full stomatocyte. At the beginning
of this transformation the area increases, but at a certain point the
shape of the stomatocyte begins to approach a more spherical appear-
ance, and the area decreases. Stomatocytes are usually classified into
three types (I, II and III), all of them with the same cup-like shape
but with different degrees of invagination. Previous studies [1] have
shown the I–II–III sequence to be reversible, so that removal of the
inducting agent or addition of an antagonist agent at stage III can cycle
the shapes back through stages II and I.

The upper and lower parts of the stomatocyte present different de-
grees of concavity. We can model this cup shape by applying indepen-
dently Eq. (1) to the upper part and to the lower part of the cell with



Fig. 1. 2D and 3D models of non-axisymmetric discocyte generated from Eq. (2) with Mathematica for different values of α corresponding to a) α ¼ π=30, b) α ¼ π=20, and c) α ¼ π=15
respectively. The definition of the new parameter d, introduced in the non-axisymmetric discocyte model, is shown in the 2D section.
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different parameters ‘, h±, m±, U± = K(m±) and different powers
(3 and 2 respectively) in the third component:

rþ u;ϕð Þ ¼
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The set of Eqs. (3a,3b) can also be used to analyze the evolution from
the original discocyte to the final cup shape with a deep invagination.
We remark that the two halves of the cell involve different values
for the exponent of the Jacobi functions and we refer to Table 1 for the
geometrical parameter values of the model at different stages.

Fig. 2 shows 2D and 3D representations of the different types
during the discocyte–stomatocyte sequence. These models are in good
agreement with RBC scanning electron microscope images of the DS
transformation [1,3,16,30].
Table 1
Geometric values used in the cell parametric equations.

Cell shape

DS sequence Sphero-stomatocyte

Stomatocyte type III

Stomatocyte type II

Stomatocyte type I

Discocyte

Non-axisymmetric shapes Non-axisymmetric type I (α ¼ π=30)

Non- axisymmetric type II (α ¼ 1:5π
�
20)

Non- axisymmetric type III (α ¼ 2π
�
15)
Table 1 shows, for a fixed cell volume, the surface area along the DS
sequence. The sphero-stomatocyte shape, a quasi-sphere that appears
at the end of the transition shown in Fig. 2, is a special case that shows
a significant decrease of surface area. This peculiar shape presents an
irregular surface due to remnants of concavity and, unlike previous
stages of the sequence, once reached the quasi-spherical stage the pro-
cess is not reversible.
3. Elastic energy calculations of altered shapes of RBC:
discocyte–stomatocyte transformation

3.1. Zero spontaneous curvature energy model

Early studies of the RBC deformation considered the boundingmem-
brane as a thin, smooth, rotationally symmetric rubber wall whose
relaxed state (depending on its surface to volume ratio) was either
spherical or a biconcave discoid. However, these studies failed to repro-
duce various experimental observations. Canham [11] dealt with these
discrepancies by considering the membrane to be a two-dimensional
fluid bilayer whose curvature elasticity is the shape-controlling factor.
In its fluid state [31], it was expected that the RBC membrane would
strongly resist changes in overall volume, but any effects related to
thickness changes were neglected. The validity of these assumptions
was confirmed experimentally by applying tension to membranes
Diameter
l (μm)

Height
h (μm)
h+/h−(μm)

Parameter
m
m+/m−

Surface area
A (μm2)

5.8 2/2 0.35/0.12 96

6 0.07/2.21 0.94/0.47 116

6.4 0.03/1.48 0.97/0.47 129

7.8 0.05/0.95 0.95/0.47 140

7.8 1 0.945 126

7.8 1 0.945 127

7.8 1 0.945 128

7.8 1 0.945 129

Unlabelled image
Unlabelled image
Unlabelled image
Unlabelled image
Unlabelled image
Unlabelled image


Fig. 2. 2D and 3D models of the DS sequence generated by the set of Eqs. (3a,3b). The
figures are shown in the order of appearance in the sequence: discocyte (l = 7.8 μm,
h = 1 μm, m = 0.945), stomatocyte I (l = 7.8 μm, h+ = 0.05 μm, h- = 0.95 μm,
m+ = 0.95, m- = 0.47), stomatocyte II (l = 6.4 μm, h+ = 0.03 μm, h- = 1.48 μm,
m+ = 0.97, m- = 0.47), stomatocyte III (l = 6 μm, h+ = 0.07 μm, h- = 2.21 μm,
m+ = 0.94, m- = 0.47) and sphero-stomatocyte (l = 5.8 μm, h+ = h- = 2 μm,
m+ = 0.35, m- = 0.12).
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[32–34]. Therefore, bending may be considered responsible of the RBC
membrane deformation and the local elastic energy is simply propor-
tional to the surface integral taken over the square of the sum of the
two local principal curvatures c1 and c2. The energy is then given by

E ¼ D
2

Z
c1 þ c2ð Þ2dA; ð4Þ

where D, the bending rigidity constant, is a function of the thickness
of the membrane, of the Young modulus, and of the Poisson ratio. We
have first used this simple approximation to check our discocyte geo-
metric model by setting the parameters l = 8 μm, h = 1.032 μm and
m = 0.9602 to reproduce the reference discocyte with a surface area
of 137 μm2 and a volume of 107 μm3 used by Canham. By using the
value D = 4.27 × 10−19 J proposed by Canham for a membrane thick-
ness of 8 nm, we obtained a discocyte/sphere bending energy ratio of
2.37, which is very similar to the published value of 2.40 [11]. There
has been much discussion in the literature about the most suitable
value of the elastic constant for the red blood cell membrane. In this
paper, as we anticipated in the Introduction, the use of Eq. (4) allows
us to assess the importance of including the spontaneous curvature.
Therefore, in subsequent calculations we will consider the same value
of D = 2 × 10−19 J that is used in the non-zero spontaneous curvature
energy model [6–8] that we analyze in Section 3.2. The first column in
Table 2 shows the bending energy values provided by Eq. (4) for the
Table 2
Bending energy, spontaneous curvature (c0), non-zero bending energy and area difference (ΔA

Cell shape Bending
(×10−1

Axisymmetric shapes
DS sequence

Sphero-stomatocyte 6.08

Stomatocyte type III
16.53

Stomatocyte type II 20.55

Stomatocyte type I 15.18

Discocyte 9.43

Non-axisymmetric shapes Non-axisymmetric type I (α ¼ π=30)
19.73

Non-axisymmetric type II (α ¼ 1:5π
�
20)

25.39

Non-axisymmetric type III (α ¼ 2π
�
15)

45.26
discocyte, the different stomatocyte types and the non-axisymmetric
models discussed in Section 2 with the geometrical parameters of
Table 1.

Our results show that the sphero-stomatocyte has the lowest energy
value, whereas the types I, II, and III stomatocytes feature higher bend-
ing energies. The highest bending energy is obtained for the type II
stomatocyte. This shape is the last stage that shows an elongated
shape. From this point of deformation, the stomatocyte is gradually de-
formed to a more spherical appearance. This progressive deformation
towards a more spherical shape leads to a reduction in the bending
energy (see the type III stomatocyte), reaching the minimum value for
the last stage of the DS transformation, the sphero-stomatocyte. Our
results are in agreement with the classic study [35] that showed that
the spherical shape corresponds to the minimum energy even without
fixed volume or surface area constraints. This minimum energy may
justify the fact that the sphero-stomatocyte is an irreversible stage
in terms of bending energy. Also, Table 2 shows that the loss of axial
symmetry on the discocyte shape leads to a bending energy value that
may be even higher than the corresponding to the type II stomatocyte.

The bending energy defined by Eq. (4) may give a sufficiently accu-
rate value for lipid bilayers consisting of two axisymmetric, homo-
geneous lipid monolayers and thus be adequate to discuss discocyte
and stomatocyte energetics. However, we will show that for the study
of shapes with no axial symmetry a more elaborated energy model is
required. This expanded model is analyzed in next subsection.

3.2. Non-zero spontaneous curvature energy model

The predictions of the simple energymodel for theminimumenergy
configuration in absence of external forces led to controversial state-
ments about the need for the bilayer to be flat. Helfrich [36] proposed
a new description of the free energy of lipid membranes by analogy
with a bent box of liquid crystal. This theory viewed the elasticity of
lipid bilayers as a special case of thewell-established theory of thin elas-
tic shells. This extended energymodel includes a spontaneous curvature
that can be estimated by treating the monolayer as two surfaces, corre-
sponding one to the headgroup and the other to the acyl chain region
[37,38]. This curvature accounts for the asymmetrical chemical or
physical interactions between the two leaves of the lipid bilayer.
Therefore, a bilayer membrane will exhibit a spontaneous curvature
if the two monolayers consist of lipids with different shapes or if the
twomembrane leaflets are exposed to different chemical environments.
Experimental studies showed the combined effects of urea and
lysophosphatidylcholine (LPC) on red blood cell shape. The outcome
of these treatments evidenced either a change of the naturally preferred
curvature of the surface, due to the different headgroup size in
) for the DS sequence and the non-axisymmetric shapes randomly observed.

energy
8 J)

Spontaneous curvature
c0 (μm−1)

Non-zero bending energy
(×10−18 J)

ΔΑ
(μm2)

ΔΑ/ΔΑ0

0.73 0.94 0.21 0.85

0.64 11.78 0.22 0.89

0.59 16.06 0.23 0.93

0.61 10.05 0.25 1.01

0.66 4.00 0.25 1

0.62 14.04 0.24 0.97

0.62 19.71 0.24 0.97

0.62 39.59 0.24 0.97

Unlabelled image
Unlabelled image
Unlabelled image
Unlabelled image
Unlabelled image
Unlabelled image
Unlabelled image
Unlabelled image
image of Fig.�2
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comparison with the acyl chain region, or a change of relative area
between both bilayer leaflets [39]. Themodified expression for the elastic
energy is given by

E ¼
Z

kc
2

c1 þ c2−c0ð Þ2 þ kc1c2

� 	
dA ð5Þ

where kc and k are elastic constants with values 2 × 10−19 J and
4 × 10−19 J [4] respectively, and c0 is the spontaneous curvature.
Note that kc plays the role of the constant D in Canham's model. The
contribution of the termkc1c2 to the integral over the closed RBC surface
is a constant and thus independent of the cell surface. Therefore, in
Eq. (5) only the term involving the spontaneous curvature is of interest
to determine the shape with lower elastic energy. It is interesting to
note that if we minimize the bending energy given by Eq. (5) with
respect to the spontaneous curvature c0 assumed to be constant on
each surface, we find

c0 ¼ 1
A

Z
c1 þ c2ð ÞdA ð6Þ

where A denotes the surface area of the corresponding cell shape
and the surface integral must be calculated separately for the upper
and the lower parts of the stomatocyte models. The values obtained
for the spontaneous curvature for the different shapes are shown in
Table 2. For the discocyte, the value c0 = 0.66 μm−1 is in good agree-
ment with published results derived from experimental data [11,40].
The spontaneous curvature for the different types of stomatocyte
decreases as the degree of invagination increases only while the cells
maintain their elongated appearance. As the stomatocyte profile turns
more spherical, the spontaneous curvature increases. Again, the sphero-
stomatocyte turns out to be the most stable shape with a value of
c0 = 0.73 μm−1, providing a new evidence of the irreversibility of this
spherical shape. The lack of axial symmetry leads to lower values of
spontaneous curvature, c0 = 0.62 μm−1, and it remains approximately
constant for the different non-axisymmetric discocytes considered in
this study.

A comparison between the energy for the zero spontaneous curva-
ture (Eq. 4) and for the non-zero spontaneous curvature Eq. (5) shows
a bending energy increment given by:

ΔEbending ¼ c20Akc=2 ð7Þ

where A is the total area for each shape. The energies obtained for the
geometries of the DS sequence and for the non-axisymmetric shapes
Table 3
Local bending energy term, non-local bending energy term and bending energy for the DS
sequence and the non-axisymmetric shapes randomly observed.

Cell shape Local
bending
energy
(×10−18 J)

Non-local
bending
energy
(×10−19 J)

Bending
energy
(×10−18 J)

Axisymmetric
shapes DS
sequence

Sphero-stomatocyte 0.94 10.5 1.99

Stomatocyte type III 11.78 4.69 12.25

Stomatocyte type II 16.06 2.62 16.32

Stomatocyte type I 10.05 0.17 10.07

Discocyte 4.00 0 4.00

Non-
axisymmetric
shapes

Non-axisymmetric
type I (α ¼ π=30)

14.04 0.70 14.11

Non- axisymmetric
type II (α ¼ 1:5π

�
20)

19.71 0.66 19.78

Non- axisymmetric
type III (α ¼ 2π

�
15)

39.59 0.61 39.65
are shown in Table 2. Again, in the discocyte–stomatocyte sequence,
the type II stomatocyte has the highest energy, whereas the lowest
value was obtained for the sphero-stomatocyte. The effect of loss of
symmetry is even more significant than the deformation involved on
DS sequence with higher values of bending energy.

All these results confirm the significant role that the spontaneous cur-
vature plays on the outside–inside asymmetry of the leaflet composition,
in particular when applied to axisymmetric and non-axisymmetric
discocytes. As a preliminary conclusion, we could say that an incorrect
estimation of elastic energy needed to deform the red blood cell is
obtained if the effect of the spontaneous curvature is disregarded.

3.3. Local and nonlocal bending energy model

Thus far our calculations of bending energy are based only on the
concept of curvature. Certainly, the energy model given by Eq. (5) in-
cludes not only the mean curvature (as the classical Canham energy
model does) but also the spontaneous curvature, thus accounting for
the fact that the two sides of the membrane may have different molec-
ular compositions. However, this model neglects any effect arising from
the finite membrane thickness, the other reason for membrane de-
formation. This effect may lead to significant changes in the relative
areas, depending on the curvature but also on the thickness, needed to
adjust the number of lipids on the two sides of the membrane. There-
fore, it is of primary importance in determining the overall shape defor-
mations in the discocyte–stomatocyte transformation to take into
account the difference areas on both sides of themembrane.We consid-
er in this section a more complete energy model characterized not only
by a bending rigidity and a spontaneous curvature, but also by an area-
difference-elasticity (ADE) term [41–44]. This new term accounts for
the difference in relaxed area between the outer and inner leaflets:

E ¼ Elocal þ Enon−local ð8Þ

Elocal ¼
kc
2

Z
A

c1 þ c2−c0ð Þ2dA ð8aÞ

Enon−local ¼
k
2

π
Ad2

ΔA−ΔA0ð Þ2: ð8bÞ

The first term is referred as the local bending energy contribution,
whereas the second term, the ADE term, also referred as the non-local
bending energy, is a function of the surface area A, the distance between
the neutral surfaces of the leaflets, the non-local bending energymodu-
lusk, the relaxed area differenceΔA0 and the area differenceΔA required
by the two leaflets of a closed bilayer of fixed interleaf separation d. As-
suming that d is small, the area difference ΔA as a function of the prin-
cipal curvatures is

ΔA ¼ d
Z

dA c1 þ c2ð Þ: ð9Þ

The ADE term represents the amount of stretching energy required
by the two individual leaflets to conform to the deformed shape from
a relaxed reference area difference ΔA0. Unlike previous studies that
considered a flat disk as the relaxed shape of the cell, we start off from
thenatural discocyte geometry of the RBC surface, i.e., we study the evo-
lution from the RBC resting shape. To determine the non-local energy
contribution given by Eq. (8b), we first use Eq. (9) to calculate our
discocyte reference value, which turns out to be ΔA0 = 0.25 μm2, and
then ΔA for the altered shapes. In all these calculations we have used
d = 3 nm, k ¼ 4 ñ 10−19 J [5], and the geometrical parameters of
Table 1. The results shown in Table 2 indicate that the calculated values
of ΔA and ΔA/ΔA0 gradually decrease as the degree of concavity in-
creases. We remark that the value obtained for ΔA0 for the discocyte is
lower than the one previously calculated by Beck [45] due to the

Unlabelled image
Unlabelled image
Unlabelled image
Unlabelled image
Unlabelled image
Unlabelled image
Unlabelled image
Unlabelled image


Fig. 3. 3D models of crenated RBC cells: a) echinocyte, b) acanthocyte and c) keratocyte.
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different choice of volume and area values for the discocyte model. We
note that if we apply our proposed parameterization to model the
discocyte studied by Beck, we obtain a value of 0.412 μm2 for ΔA,
which is in good agreement with the value of 0.41 μm2 estimated by
Beck. As it is shown in Table 2, a general tendency was found for the
value of ΔA for the different shapes of the DS transformation, at the be-
ginning of the sequence the value remains constant but it decreases as
the shape turns out more spherical. This result was partially shown by
Beck although it must be noted that his study only showed an elongated
stomatocyte similar to our model type II, and therefore his value of ΔA
for the stomatocyte was of 0.39 μm2, slightly lower than the one
(0.41 μm2) obtained for its discocyte model.

Table 3 shows the local and non-local contributions to the bending
energy aswell as the total elastic energy for the cells of the DS sequence.
Except for the sphero-stomatocyte, we see that the contribution of the
ADE term is at least an order of magnitude lower than the local energy
value. The non-local value for the sphero-stomatocyte is even higher
than the corresponding local term.We remark that although it is rather
spherical, there is a noticeable effect of a concavity in the central body
surface on the elastic energy in comparison with a spherical RBC. This
result is due to the negative sign of the spontaneous curvature of the
spherical shape. The results confirm the theory of the bilayer couple ap-
proach [23,46–48]. Namely, themechanism for the RBC shapes involves
small changes in the area difference between the two leaflets of the
plasma membrane even without taking into account the shear energy
of the membrane skeleton and the energy contribution due to non-
homogeneous redistribution of the membrane components [7,8,49].
Thus, any effect that expands the inner leaflet relative to the outer one
tends to form concavities to accommodate the extra area. These effects
are significant for stomatocyte types II and III. However, the loss
of axisymmetry in the discocyte does not have a significant effect on
the corresponding nonlocal contribution. We also note that, during
the evolution process, non-axisymmetric and the DS shapes show sim-
ilar variations for the spontaneous curvature and the area difference.
This is expected as both c0 andΔA derive fromasymmetries in themem-
brane leaflets. The results show that either a decrease on spontaneous
curvature, a higher degree of concavities or an increase on the area
difference may lead to a higher value of the elastic energy.

4. Discussion

We have performed a systematic quantitative analysis of the
elastic energy of different cell shapes observed during the discocyte–
stomatocyte sequence. For this purpose, we have derived parametric
equations that reproduce the cell shapes. Our parameterizations can
model both healthy and deformed RBCs (such as the P. falciparum-
invaded RBCs considered in [17]), and therefore complement themeth-
od of [17], which provides a complete calculation of the mechanical
parameters such as the membrane shear modulus, the linear elastic
area compression modulus, or the Young's modulus. Moreover, these
parameterizations can be used to generate initial approximations
for purely numerical schemes that may elucidate the presence of local
minima in a very complex elastic energy landscape.

We have confirmed that the simple energy model proposed by
Canham overestimates the total energy for the shapes in discocyte–
stomatocyte sequence. We then used a more complete energy model
that included the local and non-local contributions to the total energy.
However, unlike the previous studies that considered a flat disk as the
relaxed shape of the cell, we start off from the natural discocyte geom-
etry of the RBC surface to accurately reflect the evolution from the RBC
resting shape. The value of the spontaneous curvature calculated for the
discocyte is in very good agreement with the values published in previ-
ous studies. The results show that the non-local energy contribution is
considerably lower than the local contribution for the different shapes
of the DS sequence and that the local energy for the different shapes is
always higher than the corresponding to the equilibrium biconcave
shape. Sowemay conclude that bending energy of any of the studied al-
tered RBC shape is higher than the resting biconcave geometry.

We have also analyzed the sphero-stomatocyte, for whichwe found
a noticeable effect of a concavity on the central body surface in compar-
ison with the energy of a spherical RBC.

As a possible line of development of the present work we mention
the study of crenated cells, a generic term used to embrace the different
shapes that show protuberances or spicules over the surface of one of
the RBCs of the main sequence. More specific terms such as echinocyte,
acanthocyte and keratocyte have been proposed by Bessis [4] to refer to
certain types of these abnormal cells, which have been studied by scan-
ning electron microscopy. Several authors [26–31] have presented dif-
ferent mathematical models for the spicules, some of which lead to
non-smooth surfaces [50]. In our approach of using parametric repre-
sentations of the surfaces with a small number of parameters, we can
circumvent this problem by modeling spicules to be superimposed to
the normal surface using a smooth function with compact support, so
that the junction of the spicule to the spherical surface is smooth. For ex-
ample, by multiplying the third component of one of the previous pa-
rameterizations given in Eqs. (2) and (3) by functions of the form

s u;ϕð Þ ¼ 1þ h exp
h
−1= Δϕ2− ϕ−ϕ0ð Þ2


 �
þ1=Δϕ2

i
exp −1= Δu2− u−u0ð Þ


 2
� �

þ 1=Δu2
	 ð10Þ

we can add spicules of height h and widths (in two orthogonal direc-
tions) given by Δϕ and Δu respectively. In this way we have generated
the different shapes in Fig. 3. However, inmost of these shapes, especially
with thin spicules, the contribution of the shear energy of themembrane
skeleton and the energy contribution due inhomogeneous distribution
of membrane components [6,7,49] cannot be neglected (as can be to
our degree of accuracy in the shapes of the discocyte–stomatocyte
sequence), and a new ordering principle is required to compare the
energies of the different shapes.
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